The viscosity and the thermal conductivity of slag are among two of the most important material properties that need to be studied. In this paper we review the existing theoretical and experimental correlations for the thermal conductivity of slag. However, since, in general, slag behaves as a non-linear fluid, it is the heat flux vector which must be studied. Both explicit and implicit approaches are discussed and suggestions about the form of the heat flux vector and the thermal conductivity and their dependence on shear rate, porosity, deformation, etc. are provided. The discussion of the constitutive modeling of the heat flux vector for slag is from a theoretical perspective.
Introduction
Mathematical and physical modeling of complex materials, such as slag, in complex applications, such as gasification, present special challenges to modelers. With the advancement of computational fluid dynamics (CFD) packages, the need for accurately modeling non-linear complex materials has increased. Deposition of ash in certain applications, for example, in fluidized-bed combustion, which is caused by the molten mineral matter. Researchers have suggested two possible mechanisms for this phenomenon [1] : (1) partial melting; and (2) viscous flow sintering. The first situation usually occurs with a partial melt where the temperature is in the range 500-700˝C, which is usually lower than the operating temperatures encountered in most fluidized beds. The second mechanism occurs at temperatures about or higher than 1000˝C, and at these temperatures, the material behaves as a highly viscous and non-linear fluid. At such high temperatures, the standard methods of measuring viscosity or thermal conductivity are not necessarily applicable. For example, for the heat flux vector for porous materials, the Fourier's law of heat conduction is generally used where an effective thermal conductivity is introduced; however, studies have shown that for many complex materials the heat flux vector can depend not only on the temperature gradient, as is the case in the Fourier's law, but also on the shear rate, and other parameters. There are two important concepts to consider: slagging and fouling. While slagging is concerned with the deposition of ash which occurs in the radiative section of a boiler, fouling occurs in the convective-pass region [2] . Vorres et al. [3] observed that in certain applications coal slags generally behave more like a polymeric fluid [4] . As Jak et al. [5] observed, at, the temperature at the wall of a gasifier can be taken to be~450˝C, while the temperature at the slag surface is~1450˝C. Such a sharp temperature gradient causes various types of responses including the creation of different sub-layers and can influence the thermal conductivity of the slag. As the operating temperature decreases, the slag cools, and solid crystals begin to form. In such cases, the 2 of 23 slag layers should be modeled as a non-Newtonian fluid , composed of liquid silicate and crystals. In these situations, a better understanding of the rheological properties of the slag, such as yield stress and shear-thinning, are critical in determining the optimum operating conditions [6] . Groen et al. [6] noticed that at the critical viscosity temperature, T cv , the slag changes from a homogeneous fluid to a mixture composed of fluid and a crystallizing phase (solid), where there is an increase in the (apparent) viscosity due to the presence of the crystals or the change in the melt composition.
Under high-temperature and high-pressure conditions, the dynamics and properties of coal particles, such as viscosity and thermal conductivity, change significantly. In order to develop an accurate heat transfer model for coal combustion or gasification at high temperatures, to some extent, the thermal and the rheological properties of ash and slag need to be understood and modeled properly (see [7, 8] for a review). Experiments have to be devised to quantify and describe the non-linear behavior of complex materials such as slag, and theories have to be developed to explain experimental observations as well as predict physical phenomena not yet confirmed by experiments. From the continuum mechanics perspective, these transport properties are modeled as constitutive relations.
In this paper, we look at the various approaches to obtain the thermal conductivity of slag. In general, these models are based on experiments. Since the molten slag behaves as a non-linear fluid, we discuss the constitutive modeling of the thermal conductivity and mention that more appropriately, it is the heat flux vector which should be studied. Based on this brief review, constitutive relations are proposed, where the heat flux vector depends on the motion, temperature, and concentration. We first provide the governing equations for the flow of slag if the slag is considered to behave as a single component non-homogeneous and non-linear material. Massoudi and Wang [1, 9] discuss cases where slag can be considered to be a multi-component material.
Governing Equations of Motion and Heat Transfer
If slag is treated as a single component (often called single phase) material, then, in the absence of any electro-magnetic effects, the governing equations of motion are the conservation of mass, linear momentum, convection-diffusion, and energy equations [10] :
Conservation of mass:
where ρ is the density of the fluid, B/Bt is the partial derivative with respect to time, and v is the velocity vector. For an isochoric motion, we have div v = 0. Conservation of linear momentum:
where b is the body force vector, T is the Cauchy stress tensor, and d/dt is the total time derivative, given by dp.q dt " Bp.q Bt`r gradp.qs v. The balance of moment of momentum reveals that, in the absence of couple stresses, the stress tensor is symmetric. Conservation of Concentration:
where c is the concentration and f is a constitutive parameter. This equation is also known as the convection-reaction-diffusion equation. Depending on the application, this equation may not be necessary. Conservation of Energy:
where ε is the specific internal energy, L is the gradient of velocity, q is the heat flux vector, and r is the radiant heating. Thermodynamical considerations require the application of the second law of thermodynamics or the entropy inequality. The local form of the entropy inequality is given by (see Liu [11] 
where ηpx, tq is the specific entropy density, ϕpx, tq is the entropy flux, and s is the entropy supply density due to external sources, and the dot denotes the material time derivative. If it is assumed that ϕ " 1 θ q, and s " 1 θ r, where θ is the absolute temperature, then Equation (2.5) reduces to the Clausius-Duhem inequality:
Even though we do not consider the effects of the Clausius-Duhem inequality in this paper, for a complete thermo-mechanical study, the Second Law of Thermodynamics must be considered [11] [12] [13] . To achieve "closure" for these equations, in general, we must provide constitutive relations for T, q, f, ε, and r. In certain applications, some of these effects can be ignored. Nevertheless, the constitutive modeling of T and q remain a challenge in the problems or industrial applications related to thermofluid mechanics.
In the next section, we discuss some of the approaches taken by different researchers in formulating or obtaining a thermal conductivity model for slag. In general, these models are based on experiments.
A Brief Review of Thermal Conductivity of Slag
Fourier, in his pioneering book, "Analytical Theory of Heat" published in 1822 [14] , proposed a constitutive relationship for the heat flux vector. The Fourier's law of heat conduction, written in modern vector notation is: q "´k∇θ where q is the heat flux vector, θ is the temperature, ∇ (or grad) denotes the gradient operator, and k is a material property known as thermal conductivity. For the heat flux vector, for example in porous materials, generally, Fourier's law of heat conduction is used where an effective thermal conductivity is introduced [15] ; however, studies have shown that for many complex materials the heat flux vector can depend not only on the temperature gradient, as is the case in Fourier's law, but also on the shear rate, and other parameters [16] . Interestingly, Fourier in his manuscript formulated thermal conductivity as a mathematical concept rather than an experimentally measurable parameter [17, 18] . There is much information about the thermal conductivity of complex materials such as porous media, polymers, granular materials, etc. In what follows we look at a few cases specifically related to slag.
Russell [19] derived the thermal conductivity for an array of cubes, where:
where k c is the thermal conductivity of the continuous phase (particulate), k d is the thermal conductivity of the discrete phase (spherical particles), r is ratio of k d /k c , and ϕ the volume fraction of the discrete phase. The cubic parallel series (CPS) model suggested by Leach [20] is the same as that of Russell's model except that the discrete phase is now air bubbles. The thermal conductivity of the CSP model is given by:
where e is the porosity of the material. Similar to the kinetic theory of gases, Kingery [21] suggested that the thermal conductivity (k c ) of a slag can be given:
where v and λ are the velocity and the mean free path of a phonon, respectively, ρ is the density and c p is the specific heat capacity of the slag. If v is constant, then the thermal conductivity decreases with increasing temperature since ρ decreases, or c p increases with increasing the temperature, resulting in a nearly constant product. Furthermore, increasing the temperature causes a decrease in λ.
Parker et al. [22] developed the laser flash method to measure thermal diffusivity of a multi-layered material where the thermal diffusivity (α) is obtained from the following relationship:
where δ is the thickness of the sample, and t 1/2 is the time to the half maximum. Brailsford and Major [23] suggested a new correlation for the thermal conductivity of a random mixture of solid and gas (continuous) phases as:
where a is defined as p3ϕ 1 -1qpk 1 {k 2 q`p3ϕ 2 -1q, ϕ 1 and ϕ 2 are the volume fractions of fluid and solid phases, respectively, and k 1 and k 2 are the thermal conductivities of each phase, respectively, which can be calculated using Rayleigh's correlation. The thermal conductivity of slags has scarcely been measured in the heat transfer applications involving metal processing. Susa et al. [24] measured the thermal conductivity of slags using the hot wire method. They presented an empirical formula for the thermal conductivity of CaO-SiO 2 -Al 2 O 3 type slags within the temperature range of 1100˝C-1500˝C and Na 2 O-SiO 2 type slags in the temperature range of 800˝C-1300˝C, respectively expressed as:
where θ is the absolute temperature, a is between 1.5-3.5, and b is in the range of 3-7. Taylor and Mills [25] measured thermal diffusivities of six slags (CaF 2 -Al 2 O 3 -CaO system) used in the electroslag remelting (ESR) in the temperature ranges of 200-1200˝C using the laser flash technique. Thermal conductivity k was defined using the thermal diffusivity α as shown below:
where c p and ρ are the specific heat capacity and the density of the material, respectively. They also presented the thermal diffusivities and the thermal conductivities of six slags. The total or the effective thermal conductivity, k eff , consisting of contributions from the phonon thermal conductivity k c and the radiation conductivity k R , was given by the following equation:
One of the main concerns in the measurement of the thermal conductivity of semi-transparent media is how to determine the contribution of k R . When the specimen is optically thick, k R can be calculated by the following equation:
where σ is the Stefan-Boltzmann constant, n the refractive index, α the mean absorption coefficient, and θ is the thermodynamic temperature. It is observed that k R becomes dominant at higher temperatures. The radiation conduction is shown to be negligible, but phonon conduction occurs predominantly in the polycrystalline specimens. An appreciable contribution to the thermal conductivity originates from gaseous conduction through pores and microcracks in the specimen. The thermal conductivities of CaF 2 -Al 2 O 3 -CaO system were observed to decrease with decreasing CaF 2 content. Mills [26] suggested that the total (or the effective) thermal conductivity (k eff ) consists of three contributions (i) the thermal (or phonon) conductivity (k c ); (ii) radiation conductivity (k R ) and (iii) electronic conductivity (k el ). A low-density, highly-porous material will have a low thermal conductivity. The thermal conductivity of glasses or slags were found to depend on the thickness of the specimens. Optically thick slag is usually considered to occur when αδ > 3.5 where α and δ are the absorption coefficient and the thickness of the slag, respectively. The radiation conductivity cannot easily be obtained for optically thin slags (αδ < 3.5) and for unsteady state processes. For an optically thick sample, k R and d decrease with increasing α. The average absorption coefficient, α m , can be influenced by the temperature. The contribution of electronic conductivity has been widely ignored since little is known of electronic conduction mechanism associated with the heat transfer in slags.
One widely-used model of the heat transfer is the diffusion approximation where the heat flux (q) is defined as:
q "´k eff pdθ{dyq (3.10)
where k eff (= k c + k R ) is the effective thermal conductivity. This model is valid for small k R and when αd > 8 [26] . Fine et al. [27] determined the total thermal diffusivity (α eff ) of solid and liquid slags containing 0% to 25% FeO using the radial wave method, where:
where B represents the CaO/SiO 2 ratio and θ is the temperature with the unit of˝C. This equation shows that α eff decreases with an increase in the FeO content. Odawara et al. [28] used the differential three layered method and the Front-heating detection method are the laser flash methods for the measurement of thermal properties of the silicate melts at high temperatures. Chekhovskoi and Ulashchik [29] developed a cell technique to measure the thermal conductivity of melts of coal and dielectric slags by the radial heat flow method. The thermal conductivity of the slag was calculated using the following equation:
where U is the voltage drop in the work area length, i is the current flowing through the tube, and L is the distance between the discs, d 1 and d 2 are the inside diameter and the outer diameter, respectively. It appears that the effective thermal conductivity of the slag can be thought to be composed of various contributions and can be given by the following equation [29] :
where k c is the phonon thermal component, k R is the radiative component, k cov is the convective component, and k el is the electronic component of the thermal conductivity. The convective component can be ignored where Pr Gr < 10 3 where Pr and Gr are the Prandtl and the Grashof numbers, respectively. According to Chekhovskoi and Ulashchik [29] , the radiative component of the thermal conductivity can be calculated using the Rosseland equation:
where n is the mean refractive index, σ the Stefan-Boltzmann constant, and α the mean absorption coefficient. Therefore, in a sense, the effective thermal conductivity of a slag can be represented, in a more compact form, as the sum of the thermal (or phonon) conductivity (k c ) and radiation conductivity (k R ):
Botterill et al. [30] reviewed a number of models and compared the predictions. They suggested the following formula:
where σ is the Stefan-Boltzmann constant, χ is an exchange factor that includes the effect of particle diameter and emissivity of the particles, and d is the particle diameter.
In general, the equation governing the heat transfer in slags is:
where ρ is the density, c p the specific heat, q c and q R the heat fluxes due to conduction and radiation, respectively, and q m the volumetric rate of heat generation. The heat flux due to conduction and radiation are given by Mikrovas and Argyropoulos [31] :
where α λ is the monochromatic absorption coefficient, λ the wavelength, e βλ the monochromatic black body emissive power, i λ the directional monochromatic intensity, and ω the solid angle. At steady state condition and with no heat generation, Equation (3.17) becomes:
For an optically-thick sample, the radiation heat flux is given by:
where n is the refractive index, σ the Stefan-Boltzmann constant, and α the mean absorption coefficient. For small temperature gradients, the radiation heat flux can be approximated as:
where the radiation conductivity, k R , is defined by:
Applying Equations (3.18) and (3.22) to (3.20) yields:
Susa et al. [32] used the hot strip method to measure the thermal conductivity (k), thermal diffusivity (α), and specific heat (c p ) of Fe 2 O 3 -SiO 2 -CaO synthetic slags over a wide temperature range (300-1600 K). They presented two approximate equations for the short time (less than about 1 s) and long time (greater than 1 s) regions, respectively:
where ∆θ is the temperature increase, Q the heat generation rate per unit length of the heater, 2w the width of the heater, and t time. Thermal diffusivity can be determined from Equation (3.25) and Equation (3.26) . Therefore, specific heat is calculated from c p " k{αρ where ρ is the density of the material. On the other hand, radiation conductivity can be estimated by the following equation:
where n is the mean refractive index of slags, σ the Stefan-Boltzmann constant, and α the absorption coefficient. The refractive index can be determined from the following empirical equation [33] :
where N i is the specific refractive index of substance i and W i is the weight percentage of substance i. A number of review articles presented the thermal conductivity of porous or particulate materials [30, [34] [35] [36] . The simplest models for estimating the effective thermal conductivity of porous materials are given by the following equations if the heat transfer is in the direction parallel or normal to the layers of solid and gas, respectively [37] :
where k eff is the effective thermal conductivity, k s the thermal conductivity of the solid phase, k g the thermal conductivity of the gas phase, and ϕ the porosity of the material. The effective thermal conductivity is higher when the direction of the heat transfer is parallel to the layers. A theoretical equation for the effective thermal conductivity was suggested for a cubic array of uniform spheres with a maximum porosity of π/6 [37] :
Gupta, Wall and Baxter [37] reviewed the effect of the radiation on the effective thermal conductivity. McAdams [38] proposed the following formula for the radiation contribution in a packed bed: k r " 0.00692 εd¨pθ{100q 3 (3.32)
In the above equation, ε is the emissivity, and d is the particle diameter. The emissivity of the particles is not considered. Laubitz [39] measured k e for several powders and determined the radiative conductivity as a function of particle diameter (d), its emissivity (ε) and the porosity (ϕ) where:
Rezaei et al. [40] calculated the thermal conductivity of the coal ash using the following equation:
where k ash is the thermal conductivity of the coal ash, k ref is the thermal conductivity of the reference material, S ash is the surface area of the coal ash, S ref is the surface area of the reference material, x ash is the length of the ash pellet, and x ref is the length of the reference material. Their results show that increasing the temperature or decreasing the porosity causes an increase in the thermal conductivity of coal ash due to an increased contact between the particles. It was observed that there is a difference in thermal conductivity between the heating and the cooling cycles, which can be attributed to better contact between particles. Increasing the particle size causes higher thermal conductivity as confirmed by the results of Boow and Goard [41] . Also, by increasing the sintering temperature or the time, the thermal conductivity of the ash samples has a higher value. Quested and Monaghan [42] determined the thermal conductivity of molten slags and fluxes using the line source method (or the transient hot wire method) by using the following equation:
where q is the heat input per unit length of wire, r the radius of the wire, α the thermal diffusivity of the liquid, and t time. This equation is valid when`r 2 {4αt˘ăă 1. The thermal conductivity can be determined from a plot of ∆θ as a function of ln t. This measurement takes about 1 sec which minimizes the onset of convection on the heat transfer measurement. However, this measurement is not robust due to sensitivity of electrode end effect errors and wire contamination by the sample. Kang and Morita [43] measured the thermal conductivity of silicate melts using non-stationary hot wire method (see Equation (3.26)). Sun et al. [44] measured the thermal conductivity of the slag sample using the same equation as Kang and Morita [43] . Susa et al. [45] measured the thermal conductivity of CaO-SiO 2 -Al 2 O 3 glassy slags using the non-stationary hot wire method, where:
where Q is the heat generation rate per unit length of the wire, t is the time, and A is a constant. The thermal conductivity of the sample can be expressed in Equation (3.26) using the plot of ∆θ as a function of lnt. Ni et al. [46] developed a slag flow model for two kinds of coal gasification cases in order to simulate the slag flow and the phase transformation. They adopted the slag viscosity proposed by Bird et al. [47] as follows:
where µp0q is the viscosity at the slag surface at distance x = 0 and µpδ 1 q is the viscosity at the critical viscosity temperature (θ cv ) at distance x = δ 1 where δ 1 is the thickness of the liquid slag. The slag density suggested by Mills and Rhine [48] was used, where the weight percentages of the slag components is:
They approximate the slag heat capacity c ps as the simple sum of the partial mole fraction and the molar heat capacity: c ps " p 1 c p1`p 2 c p2`p 3 c p3`¨¨¨( 3.39)
where p i is the mole fraction and c p is the partial molar heat capacity. The effective thermal conductivity k eff of the liquid slag can be calculated:
k eff " α eff ρ s c ps (3.40) where the effective thermal diffusivity α eff is 4.5ˆ10´7 (m 2 /s) and ρ s and c ps are determined from Equations (3.39) and (3.40), respectively. Brackbill et al. [49] used the volume of the fluid model and the continuum surface force model for the slag surface tension to find the free surface of the slag flow using the CFD approach. Hasegawa et al. [50] reviewed the measurement techniques for the thermal conductivity of molten silicate at high temperatures.
In summary, measurement techniques for the thermal conductivity and thermal diffusivity of slags can be described as follows:
‚
Thermal conductivity of coal ashes and slags of different porosity with a cubicle array of uniform cubes or cubic cells stacked together can be calculated using Equation (3.1) or Equation (3.2).
‚ Thermal diffusivity of different materials over a broad temperature range can be measured using Equation (3.4).
Solid and liquid slags are placed in a cylindrical crucible in the isothermal zone of a furnace and their thermal diffusivity can be measured using Equation (3.11).
The radial heat flow method with cylindrical geometry and a centered heating element can be used to determine the steady state thermal conductivity of slags using Equation (3.12).
The hot-wire method is a transient radial flow method to calculate thermal conductivity measurements of slags using Equation (3.26)
The line source method as a transient technique can be used to determine the thermal conductivity of molten slags using Equation (3.36).
Or, alternatively, as suggested by one of the anonymous reviewers (to whom we are grateful), we could present a summary of the results in the following manner:
There are cases where the slag is considered as a single-phase material [10] , as an array of cubes [19] or the parallel cubic series with the discrete phase of air bubbles [20] , or a random mixture of solid and gas (continuous) phases [23] .
‚ There are the cases where models are developed using different parameters, for example where the effects of porosity [20] , or the density with the specific heat capacity of the slag [22] are considered, where in some cases the thickness of the sample and its transparency [25, 26] are also included. Certain studies consider the effect of particle diameter and emissivity [30] , time [32] , and in some complicated situations, even the effects of the anisotropy of the heat transfer in different directions (parallel or normal to the layers) [37] are presented. Other researchers, have studied the effect of radiation heat transfer [37, 38] , or included the surface area of slag [40] and the contacts between the particles, whereas some studies have considered the slag viscosity [46] and the surface tension effects [49] .
‚ There also models which evaluate different components of the thermal conductivity, for example, the phonon thermal conductivity [25] , the phonon component along with the radiative, convective and electronic components [29] .
‚ And finally, there models based specifically on the different methods for measurement of the thermal conductivity; these are shown in Table 1 . In the next section, we discuss various existing constitutive models for non-linear elastic and viscous materials that can be used to model the thermal characteristics of slag.
Constitutive Modeling of the Heat Flux Vector for Molten Slag
As evidenced in Section 3 of this paper, the thermal conductivity of slag is one of the most important parameters in determining the heat transfer characteristics and the proper operating conditions for a gasifier. However, thermal conductivity is only one of the important parameters and since slag, in general, behaves as a non-linear viscoelastic fluid, we must study the constitutive modeling of the heat flux vector for slag. That is, if we know how the slag thermal conductivity changes as a function of temperature, concentration, shear rate, etc., we still do not know much about the complete thermal characteristics or behavior of the slag.
A constitutive relation is an equation which relates the unknowns, such as the stress tensor T or the heat flux vector q to other quantities such as velocity, displacement, temperature, etc., which are the actual quantities that are to be solved in the governing equations, or can be measured experimentally. If the unknown quantities, for example T or q are explicitly related to the kinematical (velocity, or displacement) or thermal (temperature) quantities, then that constitutive relation is known as an explicit constitutive relation. In general, for example, in the explicit scheme, we start with equations such as: q " q pθ, grad θ, . . .q where θ is the temperature. The selection of the dependent variables, i.e., the arguments in the function, is based on previous experience, if any, intuition or insight, and perhaps experimental observation. For the heat flux vector for an isotropic elastic material or a viscous fluid, the most common expression is the Fourier's law of conduction q "´k grad θ, where k is known as the thermal conductivity of the material.
If, however, it is not possible to directly relate the unknowns to the knowable (or measurable) quantities, then we need to derive or obtain an implicit constitutive relation. Amongst the early examples of implicit constitutive relations in modern continuum mechanics one can name Maxwell's fluid models or Oldroyd's fluid [51, 52] models and Truesdell's hypoelastic [53, 54] model. Rajagopal [55] has provided a general scheme for deriving implicit relations for the stress tensor of a fluid. Similarly, in a general way, the heat flux vector can be given as an implicit function of the temperature gradient,∇θ in the form [56, 57] : gpq, ∇θ, θq " 0 Clearly, from an analytical or computational perspective, explicit constitutive equations are preferred as they are much easier to deal with; however, from a practical point of view, there are many materials, such as viscoelastic fluid with a relaxation time, whose response characteristics require an implicit model.
The basic thought experiment motivating the formulation of the constitutive relation is this: Slag is not a "solid block" and it is also not "gas molecules". The methodologies appropriate for the definition, calculation, or measurements of the thermal conductivity of a slab or a gas are not proper with respect to the thermal conductivity of a molten slag, which in general behaves as a viscoelastic fluid. Heat conduction is through contact and contact in case of a suspension such as slag depends upon the distribution of particles and the molten fluid. Therefore, in this visualization experiment, we can see that the heat flux must depend in some form on a measure of particle distribution, as well as other important physical parameters, such as temperature gradient, deformation, velocity gradient, etc. In the next Section, we will look at a few examples of modeling the heat flux vector when some of these effects are included. We first look at the explicit approach.
Explicit Approach
The classical theory of heat conduction, first proposed by Fourier and later generalized by Duhamel [58] assumes that the constitutive relation for the heat flux q is a linear function of the temperature gradient, i.e.,:
where θ is the temperature, F is the deformation gradient, and K is the thermal conductivity tensor. Fourier was the first person to state that heat conduction depends on the temperature gradient and not on the temperature difference between the two adjacent parts of a solid body. For an isotropic material, this reduces to the classical Fourier's law of heat conduction:
where k is generally assumed to be constant. where D " 1 2`L`L T˘; L " gradv, which similarly reduces to [60] :
where βs in general depend on the principal invariants of D and g. Of course, the specification (or measurement) of the response functions k 1 , k 2 , k 3 or β 1 , β 2 , β 3 , in the above equations, even for the simplest thermo-elastic solids or thermo-viscous fluids remains a challenge. It can also be seen that with any added complexity due to the material's structure, such as porosity, the equation for q will be even more complicated. Coleman and Mizel [61] suggested that for a rigid isotropic material, the heat flux vector, in general, is given by:
q " αg`βpg.gqg`γpdivgqg`δpgradgqg or:
where comma denotes differentiation with respect to x, and the scalar coefficients α, β, γ, and δ depend on the temperature θ. Lord and Shulman [62] indicated that in the coupled theory of thermoelasticity a general linear relationship between the heat flux and the temperature gradient should have the form:
where G is a 2nd order tensor characterizing the material, and for an isotropic elastic solid, the second term disappears and the Fourier's law of conduction is obtained. However, as mentioned by Lord and Shulman [62] , even with such a generalization, the energy equation still is given by a diffusion type equation and the problem that a (thermal) disturbance is felt instantaneously at positions far from the source of the disturbance remains (this is discussed in Section 4.2 where we mention the implicit theories). They then suggest that a tensorially valid linear relationship, taking into account the acceleration of the heat flow, can be given by:
where a, A ij , b, and G ij are material properties, and for the case of an isotropic elastic solid, the equation reduces to: q`τ 0 . q "´kg or q i`τ 0 . q i "´kθ ,i (4.12) where τ 0 is the relaxation time, representing "the time-lag needed to establish steady-state heat conduction in an element of volume when a temperature gradient is suddenly imposed on that element". Green and Lindsay [63] showed that if the constitutive equation for q depend on:
then by imposing restrictions due to the entropy inequality, where in the linearized theory the heat conduction tensor is symmetric, then the theory is capable of predicting the "second sound" effect, if the heat flux vector is given by:
where K ij is the thermal conductivity tensor, and θ 0 is a constant. Liu [64] suggested that if the heat flux vector is a linear combination of the gradients of density and the internal energy, then it can be shown that q should be given by:
where ρ is the density and ε is the specific internal energy, k 1 and k 2 are functions of ρ and ε which can be related to the Fourier's law through q "´χ∇θ (4.16)
where:
where θ is the temperature. This indicates that in the linear theory of heat conduction for a linear viscous, i.e., Newtonian, fluid, the heat flux vector only depends on the gradient of temperature. Jaric and Golubovic [65] derived a similar expression for q for a non-linear heat conducting fluid where additional terms are included. Wang [66] derived a general expression for the heat flux vector for a fluid where heat convection is also important. By assuming:
where f is a vector-valued function, θ temperature, ∇θ is the gradient of temperature, v the velocity vector, L its gradient, and X designates other scalar-valued thermophysical parameters. By imposing (i) the principle of frame-indifference; and (ii) the Second Law of Thermodynamics, Wang [66] showed that the above equation reduces to q "´k∇θ (4.19) where:
is called the thermal conductivity tensor, and:
where J's are the principal invariants. He also showed that if the material is at rest or has uniform motion, then D = 0, and J k = 0 (k = 1, 2, . . . , 5) and Equation (4.19) reduces to:
q "´ϕ 0 pθ, X, |∇θ|q∇θ (4.22) where ϕ 0 can now be considered to be the thermal conductivity of the material. This is a generalized form of the Fourier's law where the thermal conductivity can also be a function of the temperature gradient. Massoudi [67, 68] suggested that the heat flux vector q for a density-gradient-dependent fluid (where flowing granular materials would be a sub-class of such fluids) can be assumed to be given by:
where v is the velocity, θ is the temperature, ρ is the density and m " grad ρ. Then frame-indifference implies q " qpθ, g, ρ, m, Dq, where D " 1 2`L`L T˘; L " gradv. This is a generalization of a case presented in Bowen ([60] , p. 161) for a compressible, heat conducting viscous fluid. It is possible that the density gradient plays a role, not only in the distribution of the materials, but also in the way it influences the heat conduction. Massoudi [67, 68] showed that the general representation for the heat flux vector based on Equation Equation (4.24) can then be re-written as:
This equation for the heat flux vector of a thermo-viscous fluid with density gradient has a very general structure and is highly non-linear. One of the distinct non-linear phenomena that slag-type fluids exhibit is the yield stress, that is, at a certain shear rate, similar to Bingham plastic fluids, they begin to yield and the dynamic phenomenon enters into the picture. It is not uncommon to talk of "equilibrium" or "static" part of the stress tensor (corresponding to D Ñ 0 ) and the "dynamic" part of the stress tensor (when D ‰ 0). Therefore, it seems reasonable to see the form of the heat flux vector for these two conditions or ranges. That is, in theory, it is possible to decompose the heat flux vector q into:
q " q e`qd (4.27) where q e is the equilibrium part of q and q d is the dynamic part. For the stationary case, i.e., when v = 0, or for a constant velocity field v = constant, we have D = 0, and as a result Equation (4.26) reduces to:
If we furthermore assume:
and: c 2 " c 2´ρ , θ, |∇ θ| 2 , |∇ρ| 2 , r∇θ.∇ρs¯ (4.30) and recalling that ρ " ρ s ϕ, where 0 ď ϕpx, tq ă 1, where φ = 0 corresponds to a void, and φ = 1 means the presence of a particle, then, for non-deforming particles where ρ s " consant, Equation (4.28) can be re-written as:
If we furthermore assume that d 1 and d 2 do not depend on the gradients of the temperature and the volume fraction, then: q e " e 1 pφ, θq∇θ`e 2 pφ, θq∇φ (4.32)
Note that a similar expression was given by Slattery ([10] , Equation (5.3.3.7), page 274) for a class of materials whose constitutive responses were assumed to be functions of:
Λ " ΛpV, θ, ∇V, ∇θq (4.33) By imposing restrictions due to the second law of thermodynamics, Slattery [10] obtains:
q e "´k p1q ∇θ´k p2q p∇V.∇θq∇V (4.34) where:
andV is the specific volume which is related to the volume fraction. Unlike an ideal gas where there is a relationship between φ (or ρ) and θ, a priori, as the constitutive relation for a perfect gas indicates, in the case of a slag we cannot assume a specific relationship, although we know that they affect each other. For many practical problems of interest, the thermal conductivity is not a function of temperature and therefore we can approximate e 1 by:
And if we set:
Equation (4.32) reduces to the equation proposed by Jeffrey [69] , if e 2 = 0. Now, with regard to e 2 pφ, θq there is not much information available in the literature. We can guess that the "denser" the material is, that is, the higher the value of φ, the more heat will be conducted, as there are more contacts between the particles. If we approximate e 2 by expanding e 2 about φ = 0, holding θ fixed, we obtain: e 2 pφ, θq " f 2 pθq`f 3 pθqφ`f 4 pθqφ 2`. .. (4.38) where, the f's can be functions of ∇θ as well. Substituting these in Equation (4.32) we obtain:
which seems to be the simplest approximation for the heat flux vector for a densely packed granular material, which is either stationary or moving with a constant velocity. It is interesting to note that as φ Ñ 0 ( ∇φ Ñ 0 ), we obtain the simplified equation q e "´κ m ∇θ, where now κ m is the thermal conductivity of the homogenous host material (whether the matrix or the fluid). Perhaps one can conjecture that below a certain value of ∇θ (or ∇φ) there are no observable heat transfer effects, and above that value, the heat flux vector for a deforming (moving) assembly of particles should depend on appropriate constitutive parameters, including ∇θ, ∇φ, and D.
For the dynamical part of the heat flux vector, we can start from:
where the a terms are scalar functions of: We can obtain a simpler form of Equation (4.40) where certain higher order terms can be neglected. Let us consider the change of variables [70] :
The appropriate invariants are similarly affected, for example, I 1 " ξI 1 , I 2 " ξ 2 I 2 , I 3 " ξ 3 I 3 , and We can see that the first term on the RHS is the first-order approximation to q, and the second term is the second-order correction. Re-writing this equation, we have: If we set a 11 = a 21 = 0, we obtain an expression similar to that obtained by Jaric and Golubovic ( [65] , p. 302).
Whether we use Equation (4.26) which is a very general constitutive relation for the heat flux vector for the molten slag or the more simplified expressions such as Equation (4.39) for the equilibrium part of the heat flux vector or Equation (4.46) for the dynamic part, it is clear that all of them have a more complicated form than the basic Fourier's law of conduction and therefore further experimental and computational studies are needed in order to measure and better understand the additional material properties in these non-linear constitutive equations.
Implicit Approach
Maxwell [71] recognized that if the classical Fourier's law of heat conduction is used in the energy equation, since one obtains a parabolic-type transport equation (diffusion type), then when the material is subjected to a thermal disturbance, the effects of it are felt instantaneously everywhere, i.e., the thermal signal propagates with infinite speed. To remedy the situation, Maxwell suggested a wave-type equation, now called the second sound, and described this phenomenon in his book, Theory of Heat ( [72] , p. 260):
"It follows from this result that, in calculating the temperature of point P, we must take into account the temperature of every other point Q, however distant, and however short the time may be during which the propagation of heat has been going on. Hence, in a strict sense, the influence of a heated part of the body extends to the most distant parts of the body in an incalculably short time, so that it is impossible to assign to the propagation of heat a definite velocity."
That is, if Equation (4.2) is substituted into the equation of conservation of energy, Equation (2.4), in the absence of internal heating, for a homogenous isotropic material, one obtains the parabolic heat transport equation:
In order to avoid the problem of infinite speed, a generalization of the Fourier's equation [17] , often referred to as the Cattaneo-Vernotte (CV) equation has been suggested:
where τ is a positive constant. If this equation is then substituted into the energy equation, one obtains a hyperbolic-type heat transport equation:
which predicts a finite speed, V T " p k ρcτ q
1{2
for heat propagation. In recent years, many different non-classical thermoelasticity theories of hyperbolic-type heat transport have been developed [73, 74] . Amongst the early examples of implicit constitutive relations in modern continuum mechanics one can name Truesdell's hypo-elastic [53, 54] and Oldroyd's fluid [51, 52] models. Morgan [75] suggested that in general, an implicit constitutive equation is a relation between a kinetic tensor, for example the stress tensor T, and kinematic tensors, for example B, or D, where:
The primary objective of Morgan's work was "an attempt to deductively demonstrate the existence of yield-like surfaces, or phenomena via the general principles of the mechanics of materials". Rajagopal [55] proposed an implicit relation for the stress tensor of a fluid where:
By taking the time derivative of this equation and appropriately selecting terms for the resultant tensor-like coefficients, Rajagopal was able to discuss a class of constitutive relations for fluids whose viscosities depend on pressure. Similarly, the heat flux vector, in general, can be expressed as an implicit function of ∇θ in the form [57] :
where f is a vector valued function. Massoudi and Mehrabadi [57] showed that: [57] in Equation (4.54) it is required that the heat flux vector and the temperature gradient have time derivatives, whereas no such restrictions are required in Equation (4.52). Fox [76] derived an implicit constitutive relation for the heat flux vector q i , where:
. q " fpF, D, W, q, θ, ∇θq (4.55) where F, D, W, q, θ, ∇θ are the deformation gradient, the symmetric part of the velocity gradient, the skew-symmetric part of the velocity gradient, the heat flux vector, the temperature, and the temperature gradient, respectively. The dot denotes d/dt (the material time derivative) given by dp.q dt " Bp.q Bt`r gradp.qs v. Imposing the principle of frame-indifference and recalling that Ω "´QQ T where Q is a time-dependent rotation tensor, reduces Equation (4.55) to: (corresponding for example to a homogeneous deformation where det F " 1), we have:
This is identical to Equation (5.17) of Fox [76] . Thus, in a sense Equation (4.63) is a generalization of Fox (1969) [76] where g " gradθ , m " gradρ and q, are objective vectors and D is the symmetric part of the velocity gradient (an objective second rank tensor). It was assumed that m (the density gradient, related to the gradient of volume fraction which is related to porosity) is a measure of particle distribution. According to the representation theorems, the generators are: An isotropic vector valued function based on these generators can be obtained:
where the α1s are functions of the appropriate principal invariants, depending on the generators listed in Equation (4.68) . This is a very general implicit constitutive relation for the heat flux vector. While Equation (15) is appropriate for an isotopic non-linear thermo-elastic material, Equation (4.69) is for a density-gradient-type thermo-viscous fluid. As with all implicit constitutive relations, the numerical schemes to solve these equations are much more complicated, as the governing equations and the constitutive equations are to be solved simultaneously. Furthermore, the higher order terms in Equation (4.69) require additional boundary conditions. Since slag, in general, behaves as a viscoelastic fluid, perhaps both Equations (4.63) and (4.69) are needed. In the final section of this paper, we present a few remarks about modeling issues related to the heat flux vector for slag.
Concluding Remarks
Although there are many studies related to the modeling of thermal conductivity of suspensions, polymers, porous media, etc., in this brief review we have limited our attention to those cases which specifically have addressed modeling of a fluid-like slag. Obviously, there are some similarities since slag is also a suspension with a measure of porosity (particle concentration).
As mentioned at the end of Section 1, in general, the modeling efforts have been directed to the formulation of the thermal conductivity of slag, mostly based on experimental data, and this approach has certain limitations. One such limitation is that the form of the heat flux vector assumed in almost all of these studies is that of the Fourier's heat conduction and as shown by many researchers, for complex materials, this is not valid in general and alternative formulations are needed. In Section 2, we reviewed briefly some of the studies which have provided expressions for the thermal conductivity of slag. In Sections 3 and 4 we attempted to provide a framework for modeling of the slag as a viscoelastic fluid, where explicit and implicit schemes can be used to obtain or derive constitutive relations for the heat flux vector. We did not discuss modeling of the thermal conductivity in these two schemes. This is left for future studies, as we can see that there are, in addition to thermal conductivity, other material parameters which appear in the non-linear constitutive relations for the heat flux vector and all these material parameters, in a sense, have to be studied and measured experimentally.
If we model the heat flux vector for the slag using the explicit approach, then we can use, as a general expression, the results of Massoudi [67, 68] who showed that the general representation for the heat flux vector based on Equation This equation for the heat flux vector of a thermos-viscous fluid with density gradient has a very general structure and is highly non-linear. In theory, it is possible to decompose the heat flux vector q into: q " q e`qd where q e is the equilibrium part of q and q d is the dynamic part.
If we use an implicit scheme, then a general constitutive relation for the elastic part of the heat flux vector for the slag behaving as a viscoelastic fluid is [57] where g " gradθ , m " gradρ and the α1s are functions of the appropriate principal invariants, depending on the generators listed in Equation (4.68) . This is a very general implicit constitutive relation for the heat flux vector. While Equation (4.15) is appropriate for an isotopic non-linear thermo-elastic material, Equation (4.69) is for a density-gradient-type thermo-viscous fluid. As with all implicit constitutive relations, such as Oldroyd-type fluids, the numerical schemes to solve these equations are much more complicated, as the governing equations and the constitutive equations are to be solved simultaneously. Furthermore, the higher order terms in Equation (4.69) require additional boundary conditions. In this brief review we have not addressed the important question of how the material parameters appearing Equations (4.26) and (4.69) can be measured or can be calibrated against the existing experimental data. This issue, as important as it is, is beyond the scope of our study. However, a recent study by Miao and Massoudi [81] , where a simplified version of Equation (4.26) was used to study the heat transfer to a slurry, indicates that indeed the non-linear terms in the heat flux vector, which also appear in the expression for the thermal conductivity, significantly influence the heat transfer characteristic of the fluid. The discussion of the constitutive modeling of the heat flux vector for slag is from a theoretical perspective.
